A macroscopic cold -fluid model is used to determine the influence of cylindrical effects on the operating range and properties of the electron flow in relativistic smooth -bore magnetrons. Assuming operation at Brillouin flow, it is found that cylindrical effects (such as the centrifugal force on an electron fluid element) can significantly modify several features of the equilibrium flow and diode operating range relative to the case of planar flow.
INTRODUCTION
In relativistic magnetrons,1 -6 pulsed, high -voltage diodes (operating in the MV range, say) are used to generate microwaves at gigawatt power levels. While magnetically insulated electron flow7'8 and related features of the magnetron instability9 -13 have been extensively analyzed in planar geometry, there are relatively few theoretical treatments that attempt to retain the full influence of self -field and cylindrical effects (centrifugal force effects, finite diode aspect ratio, etc.) on the diode operating range and equilibrium profiles14 as well as stability behavior. 15, 16 In this paper, a macroscopic cold -fluid model is used to determine the detailed influence of cylindrical effects on the operating range and properties of the equilibrium electron flow in relativistic smooth -bore magnetrons.
Assuming operation at Brillouin flow, the normalized layer thickness and Hull cut -off voltage are calculated over a wide range of diode aspect ratio a /(b -a), and normalized fill field eBf(b -a) /mc2. 2. THEORETICAL MODEL In the present analysis, we make use of a macroscopic cold -fluid model14 to investigate equilibrium properties of relativistic, non- INTRODUCTION In relativistic magnetrons, ~ pulsed, high-voltage diodes (operating in the MV range, say) are used to generate microwaves at 7 8 gigawatt power levels. While magnetically insulated electron flow ' 9 13 and related features of the magnetron instability have been extensively analyzed in planar geometry, there are relatively few theoretical treatments that attempt to retain the full influence of self-field and cylindrical effects (centrifugal force effects, finite diode aspect ratio, etc.) on the diode operating range and equilibrium profiles as well as stability behavior. ' In this paper, a macroscopic cold-fluid model is used to determine the detailed influence of cylindrical effects on the operating range and properties of the equilibrium electron flow in relativistic smooth-bore magnetrons. Assuming operation at Brillouin flow, the normalized layer thickness and Hull cut-off voltage are calculated over a wide range of diode aspect ratio a/(b -a), and normalized fill field 2 eB f (b -a)/mc .
THEORETICAL MODEL
In the present analysis, we make use of a macroscopic cold-fluid model to investigate equilibrium properties of relativistic, non-neutral electron flow in the cylindrical smooth -bore magnetron configuration illustrated in Fig. 1 . All equilibrium properties are assumed to be azimuthally symmetric (a /ae = 0) and independent of axial coordinate (a /az = 0). The cathode is located at r = a, the anode is located at r = b, and space-charge -limited flow is assumed with + 0(r = a) = 0 and + 0(r = b) = V, (1) Er(r = a) = 0 .
Here, V is the applied voltage, +0(r) is the electrostatic potential, and Er(r) = -a +0 /ar is the radial electric field. The combined radial electric field Er(r)êr and axial magnetic field Bz(r)êz produce an equilibrium rotation of the nonneutral electron fluid with normalized azimuthal flow velocity Ob(r) = Veb(r)/c = wb(r)r/c , (2) where c is the speed of light in vacuo. It is assumed that the equilibrium density profile nb(r) extends from the cathode at r = a to radius r = rb (the outer edge of the electron layer), and that the region rb < r < b corresponds to a vacuum region. The electric and magnetic fields are determined self -consistently from where -e is the electron charge.
In the subsequent analysis, the applied magnetic field in the vacuum region is denoted by Bz(r) = B 0 = const., rb < r < b . (5) To complete the macroscopic cold -fluid equilibrium description, Eqs. neutral electron flow in the cylindrical smooth-bore magnetron configuration illustrated in Fig. 1 . All equilibrium properties are assumed to be azimuthally symmetric (3/39 -0) and independent of axial coordinate (3/3z -0). The cathode is located at r * a, the anode is located at r = b, and space-charge-limited flow is assumed with <| > 0 (r -a) = 0 and 4> Q (r -b) -V, (1) E r (r -a) = 0 .
Here, V is the applied voltage, 4>/j(r) is the electrostatic potential, and E (r) --3<|>Q/3r is the radial electric field. The combined radial electric field E (r)e and axial magnetic field B (r)e pror "* r z "* z duce an equilibrium rotation of the nonneutral electron fluid with normalized azimuthal flow velocity 3b (r) -v eb ( r )/c -<A>b (r)r/c / (2) where c is the speed of light in vacuo* It is assumed that the equilibrium density profile n, (r) extends from the cathode at r -a to radius r -r, (the outer edge of the electron layer), and that the region r, < r < b corresponds to a vacuum region. The electric and magnetic fields are determined self-consistently from where -e is the electron charge. In the subsequent analysis, the applied magnetic field in the vacuum region is denoted by B z (r) -B Q « const., r fe < r < b .
To complete the macroscopic cold-fluid equilibrium description, Eqs.(3) and (4) are supplemented by the radial force balance equation
where m is the electron rest mass, and Cylindrical smooth -bore magnetron.
is the relativistic mass factor. Consistent with Er(r = a) = 0 in Eq.(1), we consider the class of solutions to Eq.(6) in which there is zero flow velocity at the cathode, i.e., ßb(r Equations (3), (4) and (6) , supplemented by the boundary conditions in Eqs. (1), (5) and (8) , can be used to calculate the equilibrium profiles Er(r), Bz(r), nb(r) and 0b(r). Generally speaking, there is considerable latitude in the choice of equilibrium profiles in a macroscopic cold -fluid mode1.14 For example, the radial dependence of any one of the profiles Er(r), Bz(r), nb(r) and ßb(r) can be prescribed arbitrarily, and the three remaining profiles calculated self -consistently from Eqs.(3), (4) and (6) . 
is the relativistic mass factor. Consistent with E f (r = a) = 0 in Eq.(l), we consider the class of solutions to Eq.(6) in which there is zero flow velocity at the cathode, i.e., a) 0 .
Equations (3), (4) and (6), supplemented by the boundary conditions in Eqs.(l), (5) and (8), can be used to calculate the equilibrium profiles E (r), B (r), n, (r) and (3,(r) . Generally speaking, there is considerable latitude in the choice of equilibrium profiles 14 in a macroscopic cold-fluid model.
For example, the radial dependence of any one of the profiles E (r), B (r), n, (r) and ^(r) can be prescribed arbitrarily, and the three remaining profiles calculated self-consistently from Eqs.(3), (4) and (6). 
CYLINDRICAL BRILLOUIN FLOW EQUILIBRIUM
In the present analysis, we assume that the total electron energy is equal to zero across the layer profile, i.e.,
[Yb(r) -1)mc2 -e4)0(r) = 0 , (9) which corresponds to Brillouin flow. Taking the derivative of Eq. (9) with respect to r gives (10) where use has been made of Eq. (7).
Combining Eqs. (3), (4), (6), (9) and (10), we obtain the closed equation The second -order differential equation (11) is to be solved for ßb(r) over the radial extent of the electron layer (a < r < rb). Because ßb(r = a) = 0 and yb(r = a) = 1, we find from Egs. It is convenient to express Eq.(11) in an alternate form by introducing the flow parameter Xb(r) defined by (12) (13) ßb(r) = tanhxb(r) . (14) Making use of Eq. (14) and yb(r) = (1 -ßb) -1/2 coshXb(r), we find that Eq. (11) In the present analysis, we assume that the total electron energy is equal to zero across the layer profile, i.e.,
which corresponds to Brillouin flow. Taking the derivative of Eq. (9) with respect to r gives where use has been made of Eq. (7). Combining Eqs. (3), (4), (6), (9) and (10), we obtain the closed equation . The second-order differential equation (11) is to be solved for Pb (r) over the radial extent of the electron layer (a < r < r fa ). Because Pb (r -a) -0 and Yb (r -a) -1, we find from Eqs. 
Making use of Eq. (14) and Yb (r) -(1 -3b )~1/2 -coshxb (r), we find that Eq.(ll) can be expressed in the equivalent form where the boundary conditions in Eq. (16) have been enforced.
Equation (17) is the final equation describing equilibrium Brillouin flow in cylindrical diode geometry.
In this regard, Eq. (17) is applicable within the electron layer (a < r < rb) and must be solved subject to the boundary condition Xb(r = a) = 0, which corresponds to pb(r = a) = O. Numerical solutions to Eq.(17) are presented in Fig. 2 , where Xb(r) is plotted versus K(r -a) for several choices of the dimensionless parameter Ka.
As a general remark, for large aspect ratio and a thin layer satisfying
it is readily shown that the solution to Eq.(17) reduces to the familiar planar result11
Xb(r) = K(r -a) ' (18)
which corresponds to normalized flow velocity ab(r) = tanh[K(r -a)] within the electron layer (a < r < rb). When Eq. (18) Consistent with Eq. (12) and 3b (r = a) = 0, Eq. (15) is to be solved subject to the boundary conditions
Integrating Eq. (15) with respect to r, we obtain
where the boundary conditions in Eq. (16) have been enforced. Equation (17) is the final equation describing equilibrium Brillouin flow in cylindrical diode geometry. In this regard, Eq. (17) is applicable within the electron layer (a < r < r,) and must be solved subject to the boundary condition Xb (r « a) -0, which corresponds to Pb (r * a) » 0. Numerical solutions to Eq.(17) are presented in Fig. 2 f where Xb (r) is plotted versus K(r -a) for several choices of the dimensionless parameter Ka. As a general remark, for large aspect ratio and a thin layer satisfying 
VOLTAGE AND FILL -FIELD CONDITIONS
The equilibrium electric and magnetic field profiles, Er(r) and Bz(r), are readily expressed in terms of Xb(r) by making use of Eqs. (3) and (4) . Without presenting algebraic details, we integrate Poisson's equation (3) Equations (20) and (21) Generally speaking, the equilibrium flow equation (17) for Xb(r) must be integrated with respect to r to determine Xb(r = rb) and 
RELATIVISTIC PLANAR FLOW
In the limit of a planar diode with (b -a)2 « a2, (rb -a)2 « a2 and K2a2 » sinh2[Xb(r = rb)], it is readily shown that the solution to Eq.(17) reduces to the familiar result Xb(r) -K(r -a) over the radial extent of the electron layer (a < r < rb), and that Eqs. (20) and (21) can be approximated by
For specified value of the normalized fill field eBf(b -a) /mc2, the voltage eV /mc2 must be sufficiently small to assure magnetically insulated flow with rb < b, i.e., the outer edge of the electron layer is not in contact with the anode.
Examination of Eqs. (22) and 
For specified value of the normalized fill field eB^b -a)/mc , 2 the voltage eV/mc must be sufficiently small to assure magnetically insulated flow with r b < b, i.e., the outer edge of the electron layer is not in contact with the anode. Examination of Eqs. (22) and A plot of eVH /mc2 versus normalized fill field eBf(b -a) /mc2 is presented in Fig. 3 for the case of a planar diode.
For effective interaction between the layer electrons and the RF field in a magnetron, the layer thickness rb -a should be at least large enough that the (fastest) electrons at r = rb resonate with the excited waves with phase velocity vp = w /ky. This requires that the voltage V exceed a value2'4'17 known as the Buneman -Hartree threshold voltage VBH.
Equations (22) and (23) Whenever V < Vu , the electron flow is magnetically insulated with r, 2 2 < b. A plot of eVH/mc versus normalized fill field eB f (b -a)/mc is presented in Fig. 3 for the case of a planar diode.
For effective interaction between the layer electrons and the RF field in a magnetron, the layer thickness r, -a should be at least large enough that the (fastest) electrons at r « r, resonate with the excited waves with phase velocity v « oo/k . This requires that the voltage V exceed a value ' ' known as the Buneman-Hartree threshold voltage V ". Equations (22) decreases monotonically from co at r = a to (97/162 )co at r » r K .
C CO
Poisson f s equation (3) can be integrated from r « a to r = b for the equilibrium density profile in Eq.(29). Enforcing 4> 0 (r « b) « V gives For specified values of the normalized voltage eV/mc and mag-2 netic field eB f (b -a)/me f Eq.(30) can be used to determine the normalized layer thickness r, -a 
where gl is the geometric factor defined by For V < VH defined in Eq.(33), the electron flow in a cylindrical diode is magnetically insulated from contact with the anode. In the limit of a planar diode with (b -a)2 « a2, the geometric factor gl 4 1 in Eq.(34), and Eq.(33) reduces to the planar result in Eq.(24). As b/a is increased, however, g1 decreases from unity and cylindrical effects become increasingly important. This is illustrated in Fig. 6 where eVH /mc2 calculated from Eq. (33) Typical numerical results are illustrated in Fig. 7 , where Ab is plotted versus V /VH for Bf = 1 (dashed curves) and Bf -8 (solid curves) and b/a = 2, 3/2 and Ad = a /(b -a) -4 In Fig. 7 , the voltage V is normalized to the relativistic planar Hull cut -off voltage VH defined in Eq.(24). As in the case of nonrelativistic, cylindrical flow (Fig. 5) , the normalized layer thickness Ab exhibits a strong dependence on cylindrical effects as measured by b /a. Moreover, for each case presented in Fig. 7 , Ab approaches unity whenever V approaches the relativistic cylindrical Hull cut -off voltage VH defined in Eq.(33). Evidently, when relativistic effects are strong (the Bf = 8 case in Fig. 7 ), Ab approaches unity more abruptly than when the flow is nonrelativistic (compare with Fig. 5 ). 8 .
CONCLUSIONS
A macroscopic cold -fluid model has been used to determine the influence of cylindrical effects on the operating range and properties of the electron flow in relativistic smooth -bore magnetrons. Assuming operation at Brillouin flow [Eq.(9)J, it is found that cylindrical effects can significantly modify several features of the equilibrium flow and diode operating range relative to the case of planar flow.
For example, centrifugal effects reduce the radial electric field (and therefore the Hull cut -off voltage VH) required to fill the cathode -anode gap with rb = b [see Fig. 6 ].
The normalized layer thickness Ab = (rb -a) /(b -a) has been calculated over a wide range of system parameters b /a, eV /mc2 and eBf(b -a) /mc2 [ Fig. 7 ]. Fig. 7 , the voltage V is normalized to the relativistic planar Hull cut-off voltage VH defined in Eq.(24). As in the case of nonrelativistic, cylindrical flow (Fig. 5) , the normalized layer thickness A, exhibits a strong dependence on cylindrical effects as measured by b/a. More over, for each case presented in Fig. 7 , A, approaches unity whenever V approaches the relativistic cylindrical Hull cut-off voltage VH defined in Eg.(33). Evidently, when relativistic effects are strong (the §£ m 8 case in Fig. 7) , A, approaches unity more abruptly than when the flow is nonrelativistic (compare with Fig. 5 ).
A macroscopic cold-fluid model has been used to determine the influence of cylindrical effects on the operating range and prop erties of the electron flow in relativistic smooth-bore magnetrons. Assuming operation at Brillouin flow [Eg. (9) ], it is found that cylindrical effects can significantly modify several features of the equilibrium flow and diode operating range relative to the case of planar flow. For example, centrifugal effects reduce the radial electric field (and therefore the Hull cut-off voltage VH ) required to fill the cathode-anode gap with r, » b [see Fig. 6J . The normal ized layer thickness AK =* (r K -a)/(b -a) has been calculated over a 2 2 wide range of system parameters b/a, eV/mc and eB f (b -a)/mc [ Fig. 7 ]. 9 . ACKNOWLEDGMENTS
